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Why Formalize?
Polynomial functors are one of the most useful tools in 
category theory. 


Functional Programming & Type Theory:  
Inductive Data Types (W-Types), Generic Programming


Semantics of Dependent Type Theories


Combinatorics Species


Categorical Dynamical Systems & Wiring Diagrams


Higher Algebra: Operads, Goodwillie Calculus of Functors


In a downstream Lean project (HoTTLean) we 
extensively rely on the Lean formalization of 
polynomial functors.



Polynomials from Algebra
In Lean4, A (univariate) polynomial with coefficients in a semiring is defined as 
the monoid algebra over the semiring. 


However, we might like to represent them by a sparse data structure 
consisting of a list of pairs (index, coefficienti ), sorted according to index.




Polynomial Functors
Polynomial Functors can be seen as a categorification of polynomials with  
natural number coefficients. 
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Polynomials in the Category of Types (~300 LoC)
The data specifying a polynomial functor in the category of types consists of  

A type of positions (aka shapes, aka operation) 


A type of directions (aka arities) for each position


A monomial ↵ ⇤ X �

A linear monomial ↵ ⇤ X

The constant polynomial � ⇤ X 0



The Associated Polynomial Functor



Classic Examples Formalized
Polynomial Functor Algebra Initial Algebra
Pos = {z , s}
Dir(z) = ;
Dir(s) = {⇤}

1 + X 1 + X ! X N

Pos = {l , n}
Dir(l) = ;
Dir(n) = {L,R}

1 + X 2 1 + X 2 ! X Binary Trees

Pos = {nil} [ A
Dir(nil) = ;
Dir(a) = {⇤}

1 + A⇥ X 1 + A⇥ X ! X List(A)

Pos = N
Dir(n) = Fin n

X

n2N
X n

X

n2N
X n ! X RoseTrees



Composition of PolynomialsComposition of Polynomial Functors (P / Q)
Substitution (Type Theory)
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Generalizing to Other Categories

Polynomial functors show up in categories other than the category of types: 


Category of Contexts of Dependent Type Theories 


Presheaf Categories


Locally Cartesian Closed Categories (LCCCs)


Category of Groupoids (and other non-LCCCs)



Exponentiable Morphisms

Let C be a category with finite limits.

Let p : E ! B be an exponentiable morphism in C. Thus:

C/E C/B

⌃p

?

⇧p

?

�p

When B = 1 is the terminal object, we write

⌃E ` �E ` ⇧E



Polynomial Functor of Exponentiable Morphisms
The polynomial endofunctor Pp : C ! C associated with the
morphism p : E ! B is the composite

C/E C/B

C C

⇧p

⌃B�E

Pp

In the internal language of C,

Pp (X ) =
X

b:B

XE(b)



Implementation Notes

We want good computational properties for polynomial functors.


The API of pullbacks and finite limits in Mathlib are non-constructive: it uses the axiom 
of global choice to define limits, it gives the user no control over the computation. 


We design a new API for Chosen Pullbacks that computes well. Chosen Pullbacks in 
the category of types and presheaf categories agree with their concrete constructions 
(up to definitional equality).


From chosen pullbacks in a category we obtain cartesian monoidal structures on 
slices.  



Implementation Notes

Many theorems about polynomial functors involves proofs which are usually 
obtained by chaining the universal properties of various pullbacks and push-
forwards — this quickly leads to long and uninteresting proofs.


To address this, we refactored such formal proofs through the 2-categorical 
calculus mates (j.w.w. Emily Riehl). 


The advantage: calculus mates is purely equational and involves no universal 
properties. Proving certain transformations are isomorphisms is reduced to 
checking equality of horizontal and vertical pasting squares (up to defeq).



Chosen Pullbacks (~1000 LoC)



Chosen Pullbacks => CMS on Slices
If a category comes equipped with chosen pullbacks along all its 
morphisms, then there is an induced cartesian monoidal structure on all 
its slice categories.

Moreover, all the pullback functors are strong monoidal.



Exponentiable Morphisms & Pushforwards (~300 LoC)



Locally Cartesian Closed Categories (~500 LoC) 
Home of Polynomial Functors

A category is defined to be locally cartesian closed (LCC) if all of its 
slices are cartesian closed, that is all objects are exponentiable.  

Theorem: A category is LCC iff its has chosen pullbacks along all its 
morphisms, an all of its morphisms are exponentiable. 

Every morphism is an LCC category  
has an associated polynomial functor.




Implementation

Advantage:  
 
- when using a LCC structure, both the pushforward functor and the cartesian 
closedness of slices are automatically available,  
 
- whereas for proving locally cartesian closedness proving only one of these two 
conditions is sufficient.




Examples of LCCCs
1. Category of Types

For any f : I ! J, base change �f : Type/J ! Type/I admits
both adjoints (⌃f a �f a ⇧f ):

⌃f (A
a�! I ) = (A

f �a��! J)

�f (B
b�! J)(i) = B(f (i))

⇧f (A
a�! I )(j) =

Y

i2f �1(j)

A(i)

2. Category of Presheaves

For any X 2 PSh(C), the slice category satisfies the equivalence:

PSh(C)/X ' PSh

✓Z

C
X

◆

R
C X is a small category (Category of Elements).

PSh(small category) is strictly cartesian closed.

=) PSh(C)/X is cartesian closed.

=) PSh(C) is locally cartesian closed.



Univariate Polynomials in General Categories



Univariate Polynomials in General Categories
To compose polynomials we need to prove that the pullback of an exponentiable morphism  
is exponentiable. 


The only known proof of this is long and uses a technical lemma known as  
Dubuc’s adjoint triangle theorem which provides sufficient conditions for a  
functor to have a left adjoint, given a triangle of functors. 


We formalized this proof, but during the formalization found a new proof which is  
about 4 times shorter on pen+paper and about 10 times shorter in LoC.



https://sinhp.github.io/HoTTLean

https://sinhp.github.io/groupoid_model_in_lean4/


Homotopy Type Theory (HoTT) 
HoTT is a foundation of mathematics based on  
dependent type theory with a new principles of  
reasoning connecting  logic (type theory) and  
topology (homotopy). 


In HoTT, every type encodes the structure of an  
infinity groupoid. 

       Space X           Type X 


      Point x in X          Term x : X


Path p from x to y in X           p : x = y


Homotopy H from p to q       H : p = q 

Open collaborative textbook, Special Year on HoTT, IAS 2013



The Fundamental ∞-Groupoid
The fundamental ∞-groupoid of a space X encodes all higher homotopical data of X: 


- Objects are points in the space 


- Morphisms are continuous paths between points 


- 2-morphims are homotopies between paths 


- 3-morphisms are homotopies between homotopies, and so on.


- Composition operation is homotopy coherent concatenation of homotopies.



HoTT 

Identity types 
The natural number type 

Dependent pair types (Σ-types) 

Dependent function types (Π-types) 

The empty type 

The unit type 



The advantage of synthetic methods

• Makes mathematical objects directly accessible, instead of carving them 
out in the specific models.


• We do not get distracted or obstructed by the particularities of the model.


• Synthetic theorems and proofs are more conceptual and hold at a higher 
level of generality. They are often much shorter too.



Synthetic 
(Euclidean Geometry)

Synthetic vs Analytic Mathematics

Analytic  
(Geometry with coordinates)

From reproduction of Byrne’s Euclid by Nicholas Rougeux La Géométrie, Rene Descartes (1637)

https://archive.org/details/firstsixbooksofe00byrn


Synthetic vs Analytic Mathematics





Syntax and the Front End



Dependent Type Theory (DTT) 
2. Dependent type theory

Types:

A,B , . . .

Terms:

x :A, b :B , . . .

Dependent types: (“type-indexed families of types”)

x :A ` B(x)

x :A, y :B(x) ` C (x , y)

. . .

Type forming operations:

P
x :A B(x),

Q
x :A B(x), . . .

Term forming operations:

ha, bi, �x .b(x), . . .

Equations:

s = t : A

2. Dependent type theory: Rules

Contexts:
x :A ` B(x)

x :A, y :B(x) `

Writing � for any context, we have:

� ` C

�, z :C `



DTT: Rules
2. Dependent type theory: Rules

Sums:

x :A ` B(x)P
x :A B(x)

a :A b :B(a)

ha, bi :
P

x :A B(x)

c :
P

x :A B(x)

fst c : A

c :
P

x :A B(x)

snd c : B(fst c)

fstha, bi = a : A sndha, bi = b : B

hfst c , snd ci = c :
P

x :A B(x)



DTT: Rules
2. Dependent type theory: Rules

Products:

x :A ` B(x)Q
x :A B(x)

x :A ` b(x) :B(x)

�x .b(x) :
Q

x :A B(x)

a :A f :
Q

x :A B(x)

fa : B(a)

x : A ` (�x .b)x = b : B(x)

�x .fx = f :
Q

x :A B(x)



DTT: Substitution
2. Dependent type theory: Substitution

A tuple of terms in context � : � ! � induces an operation

� : � ! � � ` a : A

� ` a[�] : A[�]

which preserves everything.

For example given y : Y ` s : Z and z :Z , x :A(z) ` B(z , x) we can

do

y : Y ` s : Z
z:Z , x :A(z)`B(z,x)
z:Z `

Q
x :A(z) B(z,x)

y : Y ` (
Q

x :A(z) B(z , x))[s/z ]
or

y :Y`s:Z z:Z , x :A(z)`B(z,x)
y :Y , x :A(s)`B(s,x)

y :Y `
Q

x :A(s) B(s, x)

and syntactically the results are the same,

�Q
x :A(z) B(z , x)

�
[s/z ] =

Q
x :A(s) B(s, x) .

This suggests a reformulation as an indexed algebraic structure.

2. Dependent type theory: Substitution

A tuple of terms in context � : � ! � induces an operation

� : � ! � � ` a : A

� ` a[�] : A[�]

which preserves everything.

For example given y : Y ` s : Z and z :Z , x :A(z) ` B(z , x) we can

do

y : Y ` s : Z
z:Z , x :A(z)`B(z,x)
z:Z `

Q
x :A(z) B(z,x)

y : Y ` (
Q

x :A(z) B(z , x))[s/z ]
or

y :Y`s:Z z:Z , x :A(z)`B(z,x)
y :Y , x :A(s)`B(s,x)

y :Y `
Q

x :A(s) B(s, x)

and syntactically the results are the same,

�Q
x :A(z) B(z , x)

�
[s/z ] =

Q
x :A(s) B(s, x) .

This suggests a reformulation as an indexed algebraic structure.



Representable Natural Transformation 
3. Natural models

Definition
A natural transformation f : Y ! X of presheaves on a category C
is called representable if its pullback along any yC ! X is

representable:

yD

✏✏

// Y

f
✏✏

yC // X

Proposition (A, Fiore)

A representable natural transformation is the same thing as a

Category with Families in the sense of Dybjer.



Natural Model (Awodey, 2014)3. Natural models

Write the objects and arrows of C as � : � ! �, thinking of a

category of contexts and substitutions.

Let p : U̇ ! U be a representable map of presheaves on C.

Think of U as the presheaf of types, U̇ as the presheaf of terms,

and then p gives the type of a term.

� ` A ⇡ A 2 U(�)

� ` a : A ⇡ a 2 U̇(�)

where A = p � a.
U̇

p
✏✏

�

a

88

A
// U



Natural Model: Context Extension

2. Natural models, context extension

The remaining operation of context extension

� ` A

�, x :A `

is modeled by the representability of p : U̇ ! U as follows.

3. Natural models, context extension

Given � ` A we need a new context �.A together with a

substitution pA : �.A ! A and a term

�.A ` qA : A[pA] .

Let pA : �.A ! � be the pullback of p along A.

�.A

pA
✏✏

qA
// U̇

p
✏✏

�
A
// U

The map qA : �.A ! U̇ gives the required term �.A ` qA : A[pA].

Syntactically, this is just the term

�, x :A ` x :A .



Type Formers via Natural Model 

5. Polynomial monad and type formers: ⇧

Proposition
The natural model p : U̇ ! U models the rules for products just if

there are maps �,⇧ making the following a pullback.

PU̇

Pp
✏✏

�
// U̇

p
✏✏

PU
⇧

// U



Type Formers via Natural Model 5. Polynomial monad and type formers: ⌃

Proposition
The map p : U̇ ! U models the rules for sums just if there are

maps (pair,⌃) making the following a pullback

Q

q

✏✏

pair
// U̇

p

✏✏

P(U)
⌃

// U

where q = p / p : Q ! P(U) is the generating map of the

composite Pq = Pp/p = Pp � Pp.

Explicitly:

Q =

X

A:U

X

B:UA

X

x :A

B(x)



Natural Model in Lean4



Natural Model with (Sigma, Pi, Id)-Type Formers 



What to Formalize Next

Multivariable Polynomials: definition, basic API and composition of multivariable 
polynomials are done. The best categorical setting is double categories, which 
needs to be done. 


Induction, Well-founded Trees, Transfinite Induction


Polynomial functors and the Semantics of Linear Logic


Polynomial functors and Generalized Combinatorial Species


Formal Differentiation and The Calculus of Data Structures (Zippers), Semantics of 
Memory Management


Applications in Dynamical Systems, Open Games, Lenses



References

HoTTLean: Formalizing the Meta-Theory of HoTT in Lean 4 
Types 2025 
with S.Awodey, M.Carneiro, W.Nawrocki, S.Woolfson, and Y.Xu 

A Certifying Proof Assistant for Synthetic Mathematics in Lean 
CPP 2026 
with S. Awodey, M. Carneiro, J. Hua, W. Nawrocki, Shuge Rong , Yiming Xu 

Polynomial Functors in Lean 4  
https://github.com/sinhp/Poly



Thank you for your attention! 


