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Orton-Pitts Cubical Models of HoTT
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> a topos &,

> a universe ® »— Q in & of "cofibrant" propositions satisfying certain axioms
(including dominance),

> a bipointed tiny object | in &, and

» a universe Uy — U in & of small families closed under X, 1 and ...



Orton-Pitts Cubical Models of HoTT

Starting from
> a topos &,

> a universe ® »— Q in & of "cofibrant" propositions satisfying certain axioms
(including dominance),

> a bipointed tiny object | in &, and
» a universe Uy — U in & of small families closed under X, 1 and ...

(Orton and Pitts, 2018) carve out in & a model of Homotopy Type Theory using the
extensional type theory of &



Orton-Pitts Cubical Models of HoTT

Starting from
> a topos &,

> a universe ® »— Q in & of "cofibrant" propositions satisfying certain axioms
(including dominance),

> a bipointed tiny object | in &, and

» a universe Uy — U in & of small families closed under X, 1 and ...
(Orton and Pitts, 2018) carve out in & a model of Homotopy Type Theory using the
extensional type theory of &.
In this model,

> the interval is modelled by the object I, and types are modelled by the "fibrant"
objects of &, and

> the path type of a type A is modelled by A'.



Quillen Model Structure from Orton-Pitts topos

From an Orton-Pitts topos (i.e. a topos & equipped with (¥, 1, U,) as above), (Awodey,
2018) constructs a QMS on & and shows this QMS is right proper and has descent.
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Uniform fibrations are central to Awodey's construction of QMS.

In type theory, Uniform fibrations were introduced in (Bezem, T. Coquand,
and Huber, 2015), (Cohen et al., 2018) to provide a constructive model of the
Univalence Axiom.
Working with uniform fibrations diagrammatically can be complex:
» The algebraic structure on a map is in general not unique, and thus needs to be
carried around explicitly.
» The construction of the object of fibration structures on a given map using only
diagrams can be a daunting task.
Kripke-Joyal forcing semantics for HoTT is a useful machinery in dealing with
these complexities.

It relates the type-theoretic developments (Cohen et al., 2018), (Orton and Pitts,

2018), etc. with the diagrammatic developments (Gambino and Sattler, 2017),
(Sattler, 2017), (Awodey, 2018), etc. found in the models of HoTT literature.
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The universe @ of cofibrant propositions

As in (Orton and Pitts, 2018), we consider a modality

cof: 2 = Q

satisfying:
cof otrue = true

cof ofalse = true
V(p, 1 : Q). cof p = (¢ = cof ¥) = cof(p A )

® as the comprehension subtype in the internal language:

¢ 2 {peQ|cofp}

D+ o
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Cofibrations

Definition
A monomorphism m: C — Z is a cofibration if its classifying map xn: Z — § factors

through mege: ¢ — Q.

All cofibrations are the pullbacks of the generic cofibration t: 1 »— .




References
o

Cofibrations

Definition

A monomorphism m: C — Z is a cofibration if its classifying map xm: Z — Q factors

through meoe: ® — Q.

m| - t true
Z ----- > P Q
\_/r
Xm

Proposition

m: C — Z is a cofibration < & |FVz: Z, cof(dc: C, m(c) = z).
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We define (—)*: & — & to be the polynomial endofunctor associated to the map
t: 1 — &, namely the composite
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Forcing for partial elements

We define (—)*: & — & to be the polynomial endofunctor associated to the map
t: 1 — &, namely the composite

E—t s §o —2 s 8.

If Ais classified by type o, then AT is classified by

aJr = Z(p:(b{@}—)&,

We call a™ the type of cofibrant partial elements of a type «
y



Forcing for cofibrant partial elements (1)

Proposition (Forcing for partial elements)

Let a: X — U and x: y(c) — X. Then the following conditions are equivalent.
Q clk(p,u):at(x)
@ clky(x):® and forevery f: d — ¢, ifd I p:{p}(xf) then
d |- app(uf, p) : a(xf), and furthermore the following uniformity condition holds:

app(uf, p)g = app(ugg, p)

forany g: e — d in C.
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Uniform trivial fibrations

» The subcategory of & consisting of cofibrations and cartesian squares between
them determines an algebraic weak factorisation system (Cof, TrivFib)
on & (Gambino and Sattler, 2017).

» The maps in the right class (TrivFib) are the uniform trivial fibrations which
appear in the semantics of Homotopy Type Theory.

» These structured maps can also be described in the internal type theory
of & (Orton and Pitts, 2018).

» We shall see how the uniformity condition arises naturally from Kripke-Joyal
forcing.
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A uniform trivial fibration structure on a small map p: A — X assigns to every
cofibration C — Z and to every commutative square

C——— A
Z — X
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Uniform trivial fibrations

A uniform trivial fibration structure on a small map p: A — X assigns to every
cofibration C — Z and to every commutative square a diagonal filler jc(z,a): Z — A,
subject to the following uniformity condition:

— A

C a
o
A P
[ .-"""\C@? ‘
Z-

— X



Uniform trivial fibrations

A uniform trivial fibration structure on a small map p: A — X assigns to every
cofibration C — Z and to every commutative square a diagonal filler jc(z,a): Z — A,
subject to the following uniformity condition: for any map f: Z' — Z, giving rise to
the pullback square on the left,

c’ ! C 2 A




Uniform trivial fibrations

A uniform trivial fibration structure on a small map p: A — X assigns to every
cofibration C — Z and to every commutative square a diagonal filler jc(z,a): Z — A,
subject to the following uniformity condition: for any map f: Z/ — Z, giving rise to
the pullback square on the left, we have

jC/(Zf, af’) :jc(z, a) of.

c’ ! C 2 A
3




The type of uniform trivial fibration structures

For any type a: X — U define

TFib(a) =] JI D_(v=*a),

e u{p}—a a

where the type (u =¥ a) is defined

(u=¥a):= H app(u, p) =q a.

p{e}



The type of uniform trivial fibration structures

For any type a.: X — U define

TFib(a) := H H Z (u=¥a),

e:® uf{p}—a ac
where the type (u =¥ a) is defined
(u=*a):= ][ app(u,p) =a a.
p{e}

See Extension Types of (Riehl and Shulman, 2017) and (Orton and Pitts, 2018).
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The type of uniform trivial fibration structures

Theorem

The display map p.,: X.a — X is a uniform trivial fibration < there is a term
X Et: TFib(a).




Since uniform trivial fibrations are expressed in terms of diagrams, and since the type
TFib(«) has a bunch of I and X, we need a diagrammatic unfolding of KJ-forcing of T1
and X types involved in TFib(«).
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Diagrams for Kripke-Joyal forcing: Definition

Definition
» For a context X,
a type « in context X,
an object ¢ of C,
and a morphism x: yc — X,

<
—
(9}

x
——

>
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Diagrams for Kripke-Joyal forcing: Definition

Definition
» For a context X,
a type « in context X,
an object ¢ of C,
and a morphism x: yc — X,
we say that ¢ forces a: «(x), written as c IF a: a(x),
if the square commutes.

» For a,b: y(c) — U, such that ¢ IF a: a(x) and
clF b: a(x), we say that ¢ forces a = b: a(x), written
clFa=b: a(x), if aand b are equal maps in &.

<

—~
(9}

X
(_

J }

>

< &
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Proposition
Given a context X, J
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Diagrams for Kripke-Joyal forcing: ¥ types

Proposition

Given a context X, a type « in context X,
a type (3 in context X - «, an object ¢ of C,
and a morphism x: yc — X,

yc

X.a.p
N
Ps X'Za/B
X.«a PaPgs
Xa)




Diagrams for Kripke-Joyal forcing: ¥ types

Proposition

Given a context X, a type « in context X, X.a.p

a type [ in context X - «, an object ¢ of C, \

and a morphism x: yc — X, Ps X. X8
clkd:(Xa8)(x) (X’d>/
X.a PaPps
iff P

ycC > X




Diagrams for Kripke-Joyal forcing: ¥ types

Proposition

Given a context X, a type « in context X,
a type (3 in context X - «, an object ¢ of C,
and a morphism x: yc — X,

clkd:(Xu.8)(x)
iff
d = (do, d1)

clkdy:a(x)
cl- d1 :ﬁ((X, d0>) .
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Diagrams for Kripke-Joyal forcing: 1 types

Proposition
Given a context X, J
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Diagrams for Kripke-Joyal forcing: 1 types

Proposition
Given a context X, a type « in context X, J

N
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Diagrams for Kripke-Joyal forcing: 1 types

X.a.p
Proposition
Given a context X, a type « in context X, a Ps X.N, B
type (8 in context X.q,
X.« Pras
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X.a.p
Proposition
Given a context X, a type « in context X, a Ps X.N,pB
type (3 in context X.«, an object ¢ of C,
X.« Pnas

yC X



Diagrams for Kripke-Joyal forcing: I1 types

Proposition

Given a context X, a type « in context X, a
type (3 in context X.«, an object ¢ of C, and a
morphism x: yc — X, we have

yc

X.a.p
Ps X.N,pB
X.« Pnas
Y‘




Diagrams for Kripke-Joyal forcing: I1 types

Proposition

Given a context X, a type « in context X, a
type (8 in context X.«, an object ¢ of C, and a
morphism x: yc — X, we have

clk b:(MNaB)(x)

iff

X.a.p
Ps X.N,pB
X.« Pnas
Pa
(x,b)

yC > X




Diagrams for Kripke-Joyal forcing: I1 types

Proposition

Given a context X, a type « in context X, a
type B in context X.«, an object ¢ of C, and a
morphism x: yc — X, we have

clk b:(MNaB)(x)

iff there is a function b such that for every
morphism f: d — c inC, if

dlIFa:a(x.f)

then
d - be(a): B((x.f, a))

and for every g: d' — d, br(a).g = brog(a.g). )

((x.f,a),be(a)) Ps X.N,pB

yd % XO( pl'laﬁ
Pa
y(k P
ycC = X
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Uniform trivial fibration structure via Kripke-Joyal forcing

TFib(a) =] JI D (v=*a),

0:® u{p}—oa aa
Lemma
Suppose ac: X — U and x: yc — X. Given
clka:a(x)
clhFp:®
clFu: ({¢} - a)(x)
we have

[] % X.«o

clhe:(u=4a)(x) <& I (x,3) ~ p, commute.
/

yc ——— X




Proof of Lemma.

» clFa:alx)
4
the lower triangle commutes.

{(xu)

[] X.«

I <>/Jp
P

yc —— X

X



Proof of Lemma.

» clFa:alx)
=
the lower triangle commutes.
» clk¢:®and
clF (u:{p} - a)(x) & the
outer square commutes.

{(xu)

] X«

I <)/Jp
P

yc —— X

X



Proof of Lemma.

» clFa:alx)

4
the lower triangle commutes.

clF¢:®and

cl- (u Ay} - a)(x) & the
outer square commutes.
clke:(u=¥a)(x) &

cl-e: [, (app(u, p) =a a)(x)
=

forall f: d — ¢, if

d Ik p:{p}(x.f) then

d |- er(p) : (app(u, p) =4 a)(x.f)
<~

the top triangle commutes (by the
Yoneda lemma). QED.
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Proof of the uniform trivial fibration forcing theorem

Recall that

TFib(a) = [ JI Y. (v=

0 up]oa aa

= I Y u=a

(p,u):at 2«

Suppose X -« : TFib(«).
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Recall that

TFib(a) = [ JI Y. (v=sa)

0 up]oa aa

= I Y u=a

(pu):at aw

Suppose X -« : TFib(«).
Thus for all x: yc — X, we have c I t, : TFib(cr)(x), coherently in ¢, x.



Proof of the uniform trivial fibration forcing theorem

Recall that

TFib(a) = [ JI Y. (v=sa)

0 up]oa aa

= I Y u=a

(pu):at aw

Suppose X -« : TFib(«).
Thus for all x: yc — X, we have c I t, : TFib(cr)(x), coherently in ¢, x.

clbte: I D (u=pa)x).

(pou):at @«

Hence,



Proof of Theorem (cont'd)

By Kripke—Joyal semantics of [[ and >, we have that for every f: d — c in C,

if

then

and

d Ikt (o, u)t: (u=* ter(ep, u)o)(x.f)

and, forany g: d’ — d,

d I (o, u):at(x.f)

dIF ter(o, u)?: a(x.f)

te.f(p, u).8 = to )-8, u.8)-

(1)

()

(4)



Proof of Theorem (cont'd)

Unfolding the condition (1)

dIF (p,u):a™(x.f)

[p.f] —Fue)

[

x.f,ur)

X.«

1P

yvd ————+ X

x.f



Proof of Theorem (cont'd)

Unfolding the condition (1)
d I (p,u):a™(x.f)
Lemma applied to (2) and (3)

d - ter(p, u)0 ax.f)

d Ikt (g, u)t: (u=* ter(ep, u)o) (x.f)

[p.f] —><X'f’u’r> X.o

I [

yd ————— X

[p.f] M X.«

I /tx.f(<P’”)O/ J{p‘*

yd ¥ X



Proof of Theorem (cont'd)

Thus forcing TFib(«) produces diagonal fillers

Jo(x,u) 2 te (e, u)°

for each lifting problem as in the right hand square below:

(x,u)
(P[f] [()0] /_,,,——47 )j.a
| - < ///
tx,f((ﬂ-f],u./f)o 1 tx,(go7u)0 P
yd G Ye T X

p.f



Proof of Theorem (cont'd)

And equation (4)
ter(p, )-8 = tife) (-85 U.8)

guarantees the uniformity of the lifts j.



Proof of Theorem (cont'd) — the converse

If p,: X.ao— Xisa uniform trivial fibration then, in particular, we have diagonal filler
for basic cofibrations:

[.f] » o] u 4 Xa
I j%?.:‘ﬁ*.if??..)._[ e ipa
ve » ye — X

yf



Proof of Theorem (cont'd) — the converse

If p,: X.ao— Xisa uniform trivial fibration then, in particular, we have diagonal filler
for basic cofibrations:

[¢o-f] [o] ———— X.a
uh Lo Jpa
I Mka I B ,»-.)’hp\p"\
yc’ . y e X X
By the lemma, this corresponds to an X.TFib(a)
element t, : yc — TFib(«) over LR ]
x:yc— X, yc"' _ X

The uniformity condition says exactly that for all f: ¢’ — ¢, the elements t, cohere,
t(X'f) = ty.f.

By Yoneda for the slice category & /X, there is a section of X.TFib(a) = X, i.e. there
is a term X F t: TFib(«). QED.



Proof of Theorem (cont'd) — the converse

The uniformity condition says exactly that for all f: ¢/ — ¢, the elements t, cohere,
t(X'f) = ty.f.

By Yoneda for the slice category & /X, there is a section of X.TFib(a)) — X, i.e. there
is a term X F t: TFib(«). QED.



Proof of Theorem (cont'd) — the converse

By Yoneda for the slice category & /X, there is a section of X.TFib(a) — X, i.e. there
is a term X F t: TFib(a). QED.



The interval

An interval with connections is a presheaf | in & equipped with endpoints, i.e. maps
§k: 1 — 1, for k € {0,1}, and connections, i.e. maps cx: | x | — 1 for k € {0,1},
satisfying the following axioms.

(1 50 75 61
@ 0%: 1 — I is a cofibration, for k € {0,1}.
© The diagrams

(6%,1) 1 (1,6%) (51 k1 (1 §1=k)

| '% % \/

sk Y

commute, for k € {0,1}.



Naive trivial cofibrations

A naive trivial cofibrations is a Leibniz tensors of the form
c®0:Z+c(Zx1)y—2ZxI,

for an arbitrary cofibration ¢: C — Z and an endpoint dx: 1 — 1, for k € {0,1}.



Naive trivial cofibrations

A naive trivial cofibrations is a Leibniz tensors of the form
c®0:Z+c(Zx1)y—ZxI,

for an arbitrary cofibration ¢: C — Z and an endpoint dx: 1 — 1, for k € {0, 1}.
This construction is stable under pullback, in the sense that for any map t: 2/ — Z,
one has a pullback square

Z,—l—C/(C/Xl) E— Z+C(CX|)

(t* c)®5kI Ic@ék



Uniform fibration structure

A uniform fibration structure on a small map p: A — X consists of a function j that
assigns a dotted filler j(i,u,v): Z x | — A to every diagram of solid arrows

Z+c(Cxl) ——

A
m®6kI l
X

I x| ——

where c is a cofibration and k € {0, 1}, subject to the following uniformity condlition:
for any map t: Z’ — Z and induced pullback square on the left,

ZH(C'x1) —— Z+¢(Cx )ﬁ

A
c'®5I I J i
X,

7' x| — o y Z x| —>

we have that j(i, uh’, vh) = j(i,u,v) o (h x I).



The type of fillings

Let a:1 - U.
Recall the type of O-directed filling structure

Fillo(e) = ] 11 I (uo=*a) —

P @ u:{p}=II;. ali) 20
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The type of fillings

Let a:1 - U.
Recall the type of O-directed filling structure

Fillo(e) = [ 11 I (wo=Fa)y—= > (s0=a2)x (u=¥s),

P @ u:{p}~II;. ali) 20 st Tl ra()

Example:
Fori:lFp=(i=0Vvi=1)

u a S
[ ] [ ]

-—0



The type of fillings

Let a:1 - U.
Recall the type of O-directed filling structure

Fillo() = [ ] 11 [J(w=ra)— > (s0=ap2) x(u=*s),

@ u{p}=]l ali) a:a0 st I

For any type X: U and family of types a.: X — U, we then define the type of fibration
structures

Fib(ox H Fillo(a(x)) x Filly (a()).

=X



References

Forcing for type Fib

Theorem

Let ac: X — U. Then the following conditions are equivalent.
Q@ The map p,: X.ao — X is a uniform fibration.
@ There is a term t: Fib(«).




(TrivCof, Fib) from (Cof, TrivFib)
On the arrow category &7,
(—) ®6k — 5/( = (—)

the pullback-hom, taking p: A — X to the map dx = p indicated in the following
diagram.

By adjointness, these operations can be seen to satisfy
(m®dx)mp ifandonlyif mdh (6k = p)

naturally in m and p.



Universal uniform fibration

Unfortunately the type

Fib(a H Fillo(c(x)) x Filly (a(x)) .

=X

is not indexed over X and is not good candidate for the construction universal uniform
fibration.
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Unfortunately the type

Fib(a H Fillp(a(x)) x Filly (a(x)).

=X

is not indexed over X and is not good candidate for the construction universal uniform
fibration.
Instead, we need the further assumption that the interval | is tiny:

(=)' A (=)



Universal uniform fibration

Unfortunately the type

Fib(a H Fillp(a(x)) x Filly (a(x)).

1-X
is not indexed over X and is not good candidate for the construction universal uniform
fibration.
Instead, we need the further assumption that the interval | is tiny:

(' ()
Using the amazing right adjoint, we define the universal fibration Fib* — U as the
pullback of Uy — U along (Fill), o

Fib*(a) —— Fib* (U),

] |

X U (U g (W)




Universal uniform fibration (11

Theorem

Let av: X — U.

@ There is a bijection between points 1 — Fib(«) and sections of Fib*(a) over X,
which is natural in X.

@ The object Fib*(«) is stable under pullback along any map v: A — X.

AFib*(a(v)) —— X.Fib*(«)

| |

A——F X

| I

Aa(y) — X
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